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Capacitors
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Capacitors

A Capacitor is a passive element that stores energy in its electric field.
It consists of two conducting plates separated by an insulator (or dielectric):
* The plates are typically aluminum foil.

* The dielectric is often air, ceramic, paper, plastic, or mica.

Dielectric with permittivity €

e

Metal plates,
each with area A

-

d
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Capacitors

When a voltage source v is connected to the capacitor, the source deposits a positive
charge g on one plate and a negative charge — g on the other. \b

* The charges will be equal in magnitude. .
* The capacitor is said to store the electric charge. +q - g
-+ —
+
* The amount of charge stored is proportional N B
to the applied voltage v: +
\\
q=Cv N
o;

C is known as the capacitance of the capacitor.
Capacitance is the ratio of the charge on one plate of a capacitor to the voltage difference
between the two plates, measured in farads (F).

e 1 Farad = 1 Coulomb/volt.
* Most capacitors are rated in picofarad (pF) and microfarad (uF).
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Capacitance

Capacitance depends on the physical dimensions of the capacitor. For example, for the
parallel-plate capacitor the capacitance is given by:

Dielectric with permittivity €

A =

Metal plates,
C - 7 \<cach with area A
A: the surface area of each plate, — e
d: the distance between the plates,

€: the permittivity of the dielectric material between the plates.

-

d

Thus, in general, three factors determine the value of the capacitance:
1. The surface area of the plates—the larger the area, the greater the capacitance.
2. The spacing between the plates—the smaller the spacing, the greater the capacitance.

3. The permittivity of the material—the higher the permittivity, the greater the
capacitance.
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Types of Capacitors

Capacitors are described by the dielectric material they are made of and by whether they
are of fixed or variable type.

i C i C i C
— —_— E—
o I O O rd o I
|| Al o+ |C
+ v — + v —
fixed capacitor variable capacitor fixed polarized capacitor
NONPOLARIZED POLARIZED

Variable air caps can be
adjusted by turning a
shaft attached to a set
of moveable plates.

(a) ceramic capacitor,
- (b) polyester capacitor,
| j 1 (c) electrolytic capacitor
L
, | |

Note: According to the passive sign convention, if the direction of i and polarity of v are as
shown, the capacitor is being charged, otherwise, the capacitor is discharging.
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Current-Voltage Relationship

By taking the first derivative with respect to time of the formula for the charge stored in
a capacitor (i.e., g = Cv), we can find the current voltage relationship of the capacitor.

dq _dv _ dv _’, &

=Cv = =C— C
1 dt dt dt .

The voltage-current relation of the capacitor can be also obtained by integration:
t

ad = i © =7 i@+ ()
i =C— = v=—[ Ur)ar = v(t) == t(r)at +v(t
dt to Cto Cto °

The voltage across the
capacitor at time ¢t

* This shows the capacitor’s voltage depends on the history of the capacitor’s current.
Hence, the capacitor has memory, which is often exploited in circuits.
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Power and Energy

The instantaneous power delivered to the capacitor:

_ i dv
p=vi= vdt

The energy stored in the electric field that exists between the plates of the capacitor:

1
W=jp(t)dt=ijdv=§Cv2

Since q = Cv: w = lez — La

* The word capacitor is derived from this element’s capacity to store energy in an electric
field.
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Properties of Ideal Capacitors

If a battery (constant DC voltage) is connected across a capacitor (with no charge), the
capacitor charges.

The voltage across a capacitor cannot change instantaneously because it is the integral
of the current. It takes time to increase or decrease the voltage across a capacitor. Thus,
capacitors can be used for timing purposes in electrical circuits using a simple RC circuit,
which is a resistor and capacitor in series.

Switch R
Steady State |
Transient Period | Period
v - . i/'
DBBVSS ————————————————————— | f\/\/\\/
—
Ve : Lchargin
: ++
£ l Vs * ]
] | Capacitor Charging | _-__"' C =
= Voltage | -
3 05Vs [ |
8 I |
: |
| | L
|
[
t
C o o 1 ™ i=C—, v(t)=—=| i(@dr+v(t)
07T Time Constant. (T) ! dt ) C
Capacitor Fully t

0
Charged

When the voltage across a capacitor is not changing with time (i.e., constant DC voltage),
the current through the capacitor is zero (i = 0 or open circuit). For a capacitor to carry
current, its voltage must vary with time.
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Properties of Ideal Capacitors

* The voltage on a capacitor must be continuous and cannot change abruptly. An
abrupt/discontinuous change in voltage requires an infinite current, which is physically
impossible!

* If the voltage on the capacitor does not equal the applied voltage, charge will flow, and
the voltage will finally reach the applied voltage.

* Conversely, the current through a capacitor can change instantaneously/abruptly.

vV A VA

4.

> >
t t
This voltage across a capacitor is allowed. This voltage across a capacitor is not allowable.

* The ideal capacitor does not dissipate energy.
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Properties of Ideal Capacitors

» Capacitors whose capacitance is independent of voltage and satisfy this equation are

said to be linear. We will assume linear capacitors in this course. dv
[ =C—
. dt
<—Slope =C
0 av/dt
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Examples

1. Calculate the charge stored on a 3-pF capacitor with 20 V across it. Find the energy
stored in the capacitor.

2. The voltage across a 5-uF capacitor is v(t) = 10cos6000t V. Calculate the current through
it.

3. Determine the voltage across a 2-uF capacitor if the current through itis i(t) = 6e~3%90¢
mA. Assume that the initial capacitor voltage is zero.
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Example

Obtain the energy stored in each capacitor under DC conditions.

2 mF

2 kQ
MW

smA (1) %3@ 5k£2§ %4@

4 mF =
_|_

Amin Fakhari, Spring 2024 MEC220 e Ch5: Capacitors and Inductors P13



Capacitors Series and Parallel Capacitors Inductors Series and Parallel Inductors Linear Voltage Regulators

000000000V oovVv 000000 VV 0]elOAVA Y 000 Cersiy

Series and Parallel Capacitors
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Parallel Capacitors

We learned with resistors that applying the equivalent series and parallel combinations can
simply many circuits.

Consider obtaining the equivalent capacitor C,, of N capacitors in parallel. Note that the
capacitors have the same voltage v across them. Applying KCL

L=l +itiz+ +iy  Goa=a+q+ -+

IR

I +

i@ c== == == cy=v

'—Cdv+CdU+Cdv+ L dv _

P TAMRC T N dt
dv dv < =

=(C1+CZ+CS++CN)E=Cqu .
i Gl ==
Ceq:C1+CZ+C3+°"+CN C*D - .

* The equivalent capacitance of N parallel-connected capacitors is the sum of the individual
capacitances.
* We observe that capacitors in parallel combine in the same manner as resistors in series.
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Series Capacitors

Consider obtaining the equivalent capacitor C,, of N capacitors in series. Note that the

same current i flows (and consequently the same charge) through the capacitors. Applying
KVLtotheloop: v =v;+v,+v3+ -+ vy

q1 =4z =43z =+ =(n
t

1 1 (¢t 1 ¢
V=— i(T)dT"'vl(to) +_-[ i(T)dT‘I'vz(to) + "'+_ i(T)dT"'vN(to)
G e, C, C

to N Jt,
1 1 1 t n c - -
- C_+C_+"'+C_ l(T)dT"'vl(to)‘l'vz(to)+"'+UN(t0) _l> ||1 ||2 |3 N
1 2 N7 Jto I 1 I ——
+ 71— 4+ V) — + Uz — + Uy —
1 [t ) <+
=—| i(v)dt + v(ty) =
Ceq to
1 1 N 1 N 1 o 1
S e B T B —
Ceq €1 G G3 Cy ;
—_—
* The equivalent capacitance of series-connected capacitors is the reciprocal
of the sum of the reciprocals of the individual capacitances. s =
* The capacitors in series combine in the same manner as resistors in parallel. ? (—) Ceq = 7
* (eq for two capacitors in series: GG B
T C+ G,
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Example

Find the equivalent capacitance seen between terminals a and b of the circuit.

5 uF 60 uF
[| [|
1 | e~
Ceq
20 uF == 6 uF =/ 20 uF == -
O b
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Example

For the circuit, find the voltage across each capacitor.

20mF 30 mF

+ V1 - 4+ V2 -

30V (T 40 MF== V3 —— 20 mF
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Inductors
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Inductors

An inductor is a passive element that stores energy in its magnetic field.

* They have applications in power supplies, transformers, radios, TVs, radars, and electric
motors.

e Any conductor has inductive properties, but to enhance the inductive effect, a practical
inductor is usually formed into a cylindrical coil with many turns of conducting wire.

—

* The core of the cylindrical coil may be made of iron, steel, plastic, or air.
* The terms coil and choke are also used for inductors.
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Inductors

If a current i is passed through an inductor, the voltage v across it is directly proportional
to the time rate of change in current. Using the passive sign convention,

ilo flo ilo
di - + +

0= & CONRE:| DR [

L is the unit of inductance of the inductor, measured in air‘jcore iron(fcore O y
Henrys H (1 henry equals 1 volt-second per ampere). i\rfsr:'_acofe

* Inductors whose inductance is independent of current and
satisfy this equation are said to be linear. We will assume
linear inductors in this course.

~—Slope =1L

* Inductors may be fixed or variable. 0 2/
 Typical practical inductors have inductance values ranging from a few microhenrys (uH),
as in communication systems, to tens of henrys (H) as in power systems.
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Inductance

Inductance is the property whereby an inductor exhibits opposition to the change of
current flowing through it, measured in henrys (H).

The inductance of an inductor depends on its physical dimension (geometry) and
construction. For example, for a solenoid the inductance is

}<— Length, € ——‘
Cross-sectional area, A

NZuA
L= lﬂ

Core material
Number of turns, N

N is the number of turns, [ is the length, A is the cross-sectional area, and u is the
permeability of the core.

* Inductance can be increased by increasing the number of turns N of coil, using material
with higher permeability u as the core, increasing the cross-sectional area A, or reducing
the length [ of the coil.
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Voltage-Current Relationship, Power, Energy

The current-voltage relation of an inductor can be also obtained by integration:

di Co 1t 1(°
v=1— = di = —J v(t)dt = i(t) = —j v(t)dt + i(ty)
dt tO L to L tO \5(_}

The current flows the
inductor at time ¢t

* This shows the inductor’s current depends on the history of the inductor’s voltage.
Hence, the inductor has memory.

di
The power delivered to the inductor is p=vi= (L d_tlf) L

The inductor is designed to store energy in its magnetic field. The energy stored is

1

1 .
w = jp(t)dt=LJidi =-L? =W = 5 Li?
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Properties of Ideal Inductors

The current through an inductor cannot change instantaneously because it is the integral
of the voltage. It takes time to increase or decrease the current flowing through an
inductor. Thus, it is difficult to start or stop motors, relays, and solenoids very quickly.

1 Steady State Value
Imax \ s i _\'
} =
63% Imax +
. _r Vs
37% VL . R —
| V= V(e™) di T
| g v=L—
! I I I F t dt
T=L/R 21 3t 41 A1 t
4+ Transient TiMeg —— . .
| i(t) = Z_[ v(t)dt + i(ty)
t

0

* When the current through an inductor is not changing with time (i.e., constant DC current),
the voltage across the inductor is zero (v = 0 or short circuit).
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Properties of Ideal Inductors

* The current through an inductor must be continuous and cannot change abruptly. An
abrupt/discontinuous change in current through an inductor requires an infinite voltage,
which is physically impossible! If an inductor is to be turned off abruptly, it will produce a
high voltage. Thus, an inductor opposes an abrupt change in the current through it.

» Conversely, the voltage across an inductor can change instantaneously/abruptly.

i A i A

>
t

This current through an inductor is allowed.

>
t

This current through an inductor is not allowable.

* The ideal inductor does not dissipate energy.
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Examples

1. The current through a 0.1-H inductor is i(t) = 10te >t A. Find the voltage across the
inductor and the energy stored in it.

2. Find the current through a 5-H inductor if the voltage across it is

30t%, t>0
v(t) = {0 t<0

Also, find the energy stored att = 5. Assume i(v) > 0.
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Example

Consider the circuit shown. Under DC conditions, find: (a) i, v, and i;, (b) the energy
stored in the capacitor and inductor.

10 5Q

D

— VVVV l
I

40
+
2v (F) N 2 H
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Series and Parallel Inductors
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Series Inductors

Consider obtaining the equivalent inductor L, of N inductors in series. Note that the
same current i flows through the inductors. Applying KVL to the loop:

i L L L L
v:v1+v2+v3+...+vN — 1 2 S N
L di+L di+L di+ + L di ooty T T T T T
v: — — — cee —_
Yde  de ' T3 dt N dt Y
N _
B zL di_L di ©
B klde ~ ehdt i
k=1 —_—
C
+
Leq=L1+L2+L3+‘“+LN 4 gLeq
o

* The equivalent inductance of series-connected inductors is the sum of the individual inductances.
* Inductors in series are combined in exactly the same way as resistors in series.
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Parallel Inductors

Consider obtaining the equivalent inductor L, of N inductors in parallel. Note that the
inductors have the same voltage v across them. Applying KCL

l=l1+l2+l3++lN S ————
+ I i3 In
5 o IR
V
(> - f vdt+z i) = - | v+ i L L, 3L, Ly
k=1 —
O
1 1 1 1 1
—— = —=F—qp—qF o — |~
Leq L1 Ly L3 Ly o—
+
* The equivalent inductance of parallel inductors is the reciprocal of v % L eq
the sum of the reciprocals of the individual inductances. _
* The inductors in parallel are combined in the same way as resistors O
in parallel.
. . L LyL,
Leq for two inductors in parallel: =L
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Summary of Resistors, Capacitors and Inductors

Relation  Resistor (R) Capacitor (C) Inductor (L)

V-i: v =1iR y = % E} i(t)dt +v(ty) v= %

iy i=v/R i = %‘ti i = % f w(2) dr + i(1y)
p or w: p=i2R=V£ W=—é—CV2 w=%L.i2

Series: Ro=R +R, C, Clcfc Lgy=L +1L,
Parallel: R, = E?% Ceq=C) + C; eq = LILL-L;

Atdc: Same Open circuit Short circuit

Circuit variable
that cannot
change abruptly: Not applicable v i
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Example

Find the equivalent inductance of the circuit shown.

Amin Fakhari, Spring 2024

4 H

o——TIN

eq

8 H

MEC220 e Ch5: Capacitors and Inductors

P32



Capacitors Series and Parallel Capacitors Inductors Series and Parallel Inductors Linear Voltage Regulators

000000000V oovVv 000000 VV OoooVvY 000

Example

For the circuit, i(t) = 4(2 — e 1) mA. If i, (0) = —1 mA, find: (a) i1 (0); (b) v(t), v1(¢),
and v, (t); (c) i1 (t) and i, (t).

i 2H
o—— T
-+ + V-] - i1 i2
e |
v 4H Vo 12 H
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Linear Voltage Regulators
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Voltage Regulators

Circuits usually require a DC power supply that can maintain a fixed voltage while supplying
enough current to drive a load.

Voltage Regulator is an IC designed to eliminate the spikes and maintain a constant output
voltage with load variations.

Voltage-Regulator IC (V,,;: < Vip)

control element

* Fixed-Regulator ICs

e Adjustable-Regulator ICs o ’ o
A —> —» A
-~ ) 3
T E
& § 5 - 2 § )
o 5 p 2 =)
Purt [=7
This IC automatically adjust the amount of y @ g = § S,
. 3 8 ° °

current flowing through a load (so as to a0 E %

. . c ]
malntalh a constant oEJtput voltage) !:)y . 5 o i 3
comparing the supply’s DC output with a fixed reference voltage §

H Voltage zener sample
or programmed internal reference voltage. v i
O ® O
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Fixed-Regulator ICs

LM78xx and LM79xx are popular fixed-regulator ICs. The “xx” digits represent the output
voltage, e.g., 7805 (5 V), 7812 (12 V), etc. These devices can handle a maximum output
current of 1.5 A by using a proper heat-sink.

Positive Voltage Regulator Negative Voltage Regulator

* Vin should be at least 2 V higher than
Vout (smaller difference = less energy

dissipation).
 All capacitors are used to remove
unwanted input or output spikes/noise. N Output
Vin Vout ‘/in Vou[
(unregulated) (regulated) (unregulated) (regulated)
(+) 78 xx +oxx V () O—9— T9xx [—9 0O -xV
in out n out
C, | c C | C
in grnd out in N md . out
1-10pF I l I 0.01-0.1uF -10uf T~ °© l T 0.01-0.1uF
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Adjustable-Regulator ICs

LM317 and LM337 are popular adjustable-regulator ICs for providing different voltages.

Positive Voltage Negative Voltage
Regulator Regulator
Adjust | Input Adjust | Output
Vi Output Vo V. Input Vi
(unregulated) (regulated) (unregulated) (regulated)
3t040V 1.25t0 37V 3t0-40V 12t0-37V

R

LM317 O LM337 O
in out in out
. R, R
Cin ! \ adJ / \ Cout Cin I ad-] I Cout

1
2
All capacitors are used to
remove unwanted input

or output spikes/noise R

_ 2
(0.1uF or larger) You=-1.25V \1 +R_1}

R
1+52

Vout:1.25V Rl
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