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Work of a Force during an Infinitesimal
Translation

Consider a particle that moves from a point A to a neighboring point
A" while a force F is acting on it. The work dU done by the force F on
the body during the infinitesimal displacement dr is defined as

dU = F/ dr = (Fcosa)dr = (drcosa)F

Scalar (dot) Product l

This can be considered as either the component of the force in the direction of the displacement times
the displacement, or the component of the displacement in the direction of the force times the force.

Work is a scalar quantity that can either be positive or negative.

* If F has the same direction as dr (a = 0), the work dU is positive.
* If F has a direction opposite to that of dr (¢« = m), the work dU is negative.

* If Fis perpendicular to dr (o« = m/2), the work dU is zero.
To distinguish between
units of moment and work

f—/%
+* Unit of Work in the Sl: joule J (1 N-m =1 )
+* Unit of Work in the USCS: ft-lb
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Work of a Couple Moment during an Infinitesimal
Rotation

Consider a rigid body which is acted upon by the couple forces F
and —F that produce a couple moment M. Any small displacement
of the rigid body bringing A and B into A”and B’ can be divided into
two parts: translation dr;, and rotation through an infinitesimal
angle d@ about B’'.

dU =dUp+dU_g=F-dr; +F-dr, — F-dr, -F
=F°dl'2=FTd9=Md9 /Lde“‘?/

-~

Thus, work of a couple momentis dU = Md6f ,j

Note: dO should be expressed in radians.

Note: If M and d6@ have the same sense, the work is positive; however, if they have the
opposite sense, the work will be negative.
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Virtual Work

Consider an imaginary or virtual displacement or of a particle in static equilibrium. The
work dU of any force F on the particle along this virtual displacement is known as the
virtual work: F

oU = F - 6r = Fcos adr

(The term virtual is used to indicate that the displacement does not really
exist but only is assumed to exist.)

f597/
Similarly, the virtual work done by a couple M during a virtual angular . ™\
displacement 60 is: /)
oU = Mé66O //
/

Note: dr (or d@) refers to an actual infinitesimal movement and can be integrated, whereas
or (or 80) refers to an infinitesimal virtual or assumed movement and cannot be integrated.
Mathematically, both quantities are first-order differential quantities.

Amin Fakhari, Spring 2023 MEC260 e Ch10: Method of Virtual Work P5



Virtual Work Principle of Virtual Work Potential-Energy Method for Equilibrium Stability of Equilibrium »

000 00000000VV 0000V ooV Sy ek

Principle of Virtual Work

Amin Fakhari, Spring 2023 MEC260 ¢ Ch10: Method of Virtual Work P6



Virtual Work Principle of Virtual Work Potential-Energy Method for Equilibrium Stability of Equilibrium

000

Amin

®0000000VV loJele]o)vf ooV

Principle of Virtual Work

(Equilibrium of a Particle)

Consider the particle in equilibrium. For an assumed virtual displacement F, Fs
or of the particle away from its equilibrium position, the total virtual work

done on the particle can be written as Sy

5U=F1-5r+F2-5r+F3-5r+---=ZF-51‘/=O

(since ZF = 0) Fy F
i 4

* If a particle is in equilibrium, the total virtual work of the forces acting on the particle for
any virtual displacement of the particle is zero.

oU =0
Example: If we “imagine” the W oU = Wby — Nby
ball is displaced downwards ,l, =W —-=N)éy=0
by a virtual amount dy: 18y >W=N
T We get the same results using
N equilibrium equation £F, = 0.
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Principle of Virtual Work
(Equilibrium of a Rigid Body)

% If a rigid body is in equilibrium, the total virtual work of the external forces/moments
acting on the rigid body for any virtual displacement of the body is zero.

F,
85U =0 /

Example: If we “imagine” the hinged
plate of negligible weight is rotated a
virtual amount 66:

O6U = —Padb + RbSO = 0
= Rb = Pa

We get the same results using
equilibrium equation XM, = 0.

Amin Fakhari, Spring 2023 MEC260 ¢ Ch10: Method of Virtual Work P8



Virtual Work Principle of Virtual Work Potential-Energy Method for Equilibrium Stability of Equilibrium

000 O00e00000VV loJele]o)vf ooV

Degree of Freedom

The number of degrees of freedom (DOF) of a mechanical system is the number of
independent coordinates needed to specify completely the configuration of the system.

Examples of one-degree-of-freedom systems: Examples of two-degree-of-freedom systems:

mg
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Principle of Virtual Work

(Equilibrium of an Ideal System of Connected Rigid Bodies)

The method of virtual work is particularly effective for solving equilibrium problems that
involve an ideal system of several connected rigid bodies.

» The friction in the system is negligible.

% In these systems, the total virtual work of the external forces/moments applied to the
system for any virtual displacement consistent with the constraints of the system is zero.

6U =0

Example: Find a relation between
P and Q when the mechanism is in
equilibrium.

Amin Fakhari, Spring 2023 MEC260 ¢ Ch10: Method of Virtual Work P10



Virtual Work Principle of Virtual Work Potential-Energy Method for Equilibrium Stability of Equilibrium

000 O000e000VV loJele]o)vf ooV

Principle of Virtual Work

(Equilibrium of an Ideal System of Connected Rigid Bodies) (cont)

(1) Draw the free-body diagram of the system and define a coordinate g for virtual displacement

[here: g = 6]. P ; b

(2) Draw the system when it undergoes a positive
virtual displacement 6q [here: 6q = §0].

Note: The virtual displacements must be consistent
with the constraints imposed by the supports and
connections.
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Principle of Virtual Work

(Equilibrium of an Ideal System of Connected Rigid Bodies) (cont)

(3) Indicate position coordinates s of the point of application of all the forces which do work.
s should be parallel to the line of action of these forces, measured from a fixed point
[here: s = xp, V]

(4) Indicate the virtual displacement §s of all the forces/moments which do work
[here: 6xg, 6ycl.

A_A XB

I!.IéxBl

Note: The total work of the internal forces at the connections (like C) is zero; Moreover,
O URreactions = 0Ua, = (5UAy = §Uy = 0. Thus, only P and Q do work in this virtual displacement.
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Principle of Virtual Work

(Equilibrium of an Ideal System of Connected Rigid Bodies) (cont)

(5) Relate each of the position coordinates s to the
coordinate g; then, differentiate these expressions
in order to express each virtual displacement s in
terms of 4gq.

Xg = 2lsinf@ —> 6xp = 2lcos 0660

XB |
Ilw 5XB

Ve = lcos8 —> 5yc = —[sin 866 A

(6) Find the total virtual work of the system in equilibrium and set 6U = 0 to solve for the
unknown force, couple moment, or equilibrium position q.

Note: If a force or couple moment is in the same direction as the positive virtual displacement
0s or §q, the work is positive. Otherwise, it is negative.

6Up = P|6y.| = Plsin 866
5Ug = —Q|6yg| = —2Qlcos 656
1
68U = 6Up + 6Uy = Plsin666 — 2Qlcos 6560 =0 —> (Q =EPtan0
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Remarks

The advantages of the method of virtual work over the conventional equilibrium equations:

* The relations between the external forces/moments can be determined directly without
reference to the reactions at supports.

* |t is not necessary to dismember the systems in order to establish the relations between
the forces/moments acting on each member.

e Try to solve the same problem using the methods of
Chapter 6 and compare the solution and results.
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Sample Problem 10.1

Using the method of virtual work, determine the magnitude of the couple M required to
maintain the equilibrium of the mechanism shown.
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Sample Problem 10.2

Using the method of virtual work, determine a relation between 8 and P that corresponds
to the equilibrium position of the mechanism. The unstretched length of the spring is h,
and the spring constant is k. Neglect the weight of the mechanism.
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Potential-Energy Method for
Equilibrium
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Potential Energy

w
e Gravitational Potential Energy is definedas 1, = Wy — V= + Wy
 yis the distance of the body center of gravity +y
from an arbitrarily datum (level). D
atum V,=0
. . . w
Note: 1, can be positive, negative, or zero depending on the chosen datum. -y
Ve=—Wy
. . . . . : 1
e Elastic Potential Energy (for a linear spring F = kx) is defined as |, = Ekxz
* x is the deformation of the spring measured from its Undeformed Undeformed

. osition osition
unstretched position. P P

* kis the spring constant (Unit: N/m or Ib/ft or Ib/in.)

‘ . Ll
F
Note: V, is always positive. Wﬂ M—“’%ﬁf‘wﬂi

Note: Unit of the potential energy is the same as unit of work, i.e., J or ft:lb or in-lb.
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Potential Energy (con)

Note: If a body is subjected to both gravitational and elastic forces, the total potential

energy V of the body is
V=V+k

Note: We can use the potential energy I/, with any vertical force P of constant magnitude
directed downward, i.e., Vp = Py (where y is measured is from an arbitrarily datum):

4\C/\ C/\
A D D
Ve l

Datum

VA\\\N W ANVVVVVVVAG)
D A B D A B

Vg =Wy Vp = Py
Gravitational Potential Energy Potential Energy of Force P
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Potential Energy and Equilibrium
(Potential-Energy Method)

Consider an ideal (frictionless) one-degree-of-freedom system in equilibrium. If g is an
independent coordinate specifying completely the configuration of the system, then the
total potential energy V is a function of g, i.e., V = V' (q).

For this system, the principle of virtual work (6U = 0) in terms of potential energy can be

expressed as
dv(q)
— =0
dq

» This equation can be used to determine the equilibrium positions and the stability of a
system.
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Potential-Energy Method: Example

Consider a mechanism carrying a load W. A spring BD connects B to a fixed point D and the natural
length of the spring is equal to AD (the friction forces and the weights of the members are negligible).

7\C

A i

By choosing an arbitrary datum and also 8 as an independent
coordinate, the total potential energy of the system is

Yc
1 0
V=V+V,=Wyc+ Ekxé = Wlcos 6 + 2kl*sin? 0 / Datum
y\\/\/\r-”m‘ /
The positions of equilibrium of the system is obtained by b A >
— ol Xg

v (o) | . X = 2lsin @
— =0 - —WIsin 8 + 4kl“sin Ocos 6 yc = lcos 6

do
— [sin @ (4klcos8 — W) =0

There are two positions of equilibrium:

=0 6=cos" (W/4kl) (W < 4kl

Which one is stable?
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Problem 10.29/10.59

Two rods AC and CE are connected by a pin at C and by a spring AE. The constant of the
spring is k, and the spring is unstretched when 8 = 30°. For the loading shown, derive an
equationin P, 6, [, and k that must be satisfied when the system is in equilibrium, (a) using
the Method of Virtual Work, (b) using the Potential-Energy Method.

N
\

AWWWWWW—9 ¢
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Stability of Equilibrium
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Stability of Equilibrium

Consider three uniform rods with a length of 2a and weight W in equilibrium. Each rod is
slightly displaced (disturbed) from its position of equilibrium.

Stable Equilibrium: Unstable Equilibrium: Neutral Equilibrium:
* System has a tendency to * System has a tendency to * System has a tendency to
return to its original position. keep moving away from its remains in its new position.
* The potential energy V of the original position. * The potential energy VV of the
system is at its minimum. * The potential energy VV of the system is constant.
system is at its maximum.
B a
o A — 7
a
/ 1
2a |:-g\ e ¥ 2a ':

=

=
==

=

-
B

Amin Fakhari, Spring 2023 MEC260 ¢ Ch10: Method of Virtual Work P24



Virtual Work Principle of Virtual Work Potential-Energy Method for Equilibrium

Stability of Equilibrium 3]
000 00000000VYV 0000V

oev

Stony Brook
University

Stability Of EqUiIibrium (cont.)

The conditions for the stability of a system with one degree of freedom at the equilibrium position g,

2
If d_V =0, d_V > () — Stable Equilibrium
dq dg?
dV d?v
If — =0, < 0 = Unstable Equilibrium
dq dg?
If av 0 v _ 4 0 Neutral Equilibri
= = = .= eutral Equilibrium
v v ) 4
Z_Z< 0 dv
Stable Equilibrium ) a0 d*v _ v =0
/ \ q dq? ~ dqs
&LV

av _

dV

‘ av _

dq Unstable Equilibrium Neutral Equilibrium

q q
QEq Qeq
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Sample Problem 10.4

A 10-kg block is attached to the rim of a 300-mm-radius disk as shown. Knowing that
spring BC is unstretched when 6 = 0, using the Potential-Energy Method, determine the
position or positions of equilibrium, and state in each case whether the equilibrium is
stable, unstable, or neutral.

k =4 kN/m

Amin Fakhari, Spring 2023 MEC260 ¢ Ch10: Method of Virtual Work P26



	Contents
	Slide 1: Ch10: Method of Virtual Work

	Virtual Work
	Slide 2: Virtual Work
	Slide 3: Work of a Force during an Infinitesimal Translation 
	Slide 6: Work of a Couple Moment during an Infinitesimal Rotation 
	Slide 7: Virtual Work

	Principle of Virtual Work
	Slide 8: Principle of Virtual Work
	Slide 9: Principle of Virtual Work (Equilibrium of a Particle)
	Slide 10: Principle of Virtual Work (Equilibrium of a Rigid Body)
	Slide 13: Degree of Freedom
	Slide 14: Principle of Virtual Work (Equilibrium of an Ideal System of Connected Rigid Bodies)
	Slide 16: Principle of Virtual Work (Equilibrium of an Ideal System of Connected Rigid Bodies)
	Slide 17: Principle of Virtual Work (Equilibrium of an Ideal System of Connected Rigid Bodies)
	Slide 19: Principle of Virtual Work (Equilibrium of an Ideal System of Connected Rigid Bodies)
	Slide 20: Remarks
	Slide 23: Sample Problem 10.1
	Slide 25: Sample Problem 10.2

	Potential-Energy Method for Equilibrium
	Slide 32: Potential-Energy Method for Equilibrium
	Slide 38: Potential Energy
	Slide 39: Potential Energy (cont.)
	Slide 45: Potential Energy and Equilibrium (Potential-Energy Method)
	Slide 47: Potential-Energy Method: Example
	Slide 49: Problem 10.29/10.59

	Stability of Equilibrium
	Slide 52: Stability of Equilibrium
	Slide 53: Stability of Equilibrium
	Slide 54: Stability of Equilibrium (cont.)
	Slide 57: Sample Problem 10.4


