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Geometric Jacobian
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Manipulator Jacobian

In a 2R planar robot, we saw that vy;;, is the linear velocity of the
end-effector frame

' 6 6 . .
Vtip = [;C,] = J(0,,0;) [9:] =[J1 J2l Hj =J1601 +J,0,

In a pure orienting devices such as a wrist, vy, is the angular velocity
of the end-effector frame.

* Thus, vy, determine the specific form of the Jacobian.
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Space and Body Manipulator Jacobians

Let’s assume that the configuration of the end-effector is expressedas Ty, = T € SE(3)
and its velocity is expressed as a twist V € R® in the fixed base frame {s} or the end-
effector body frame {b}. l

** The Jacobian is derived based on the following general idea:

Given the configuration @ € R" of the robot, J;(0) € R®, which is column i of J(8) € R®*",
is the twist YV when the robot is in an arbitrary configuration @ (not in zero configuration

6 = 0), él- = 1, and all other joint velocities are zero.

V=J0)0=[], J, .. J.]0 0: joint velocities

(Velocity or Differential Kinematics Equation is a linear map in a given configuration)

* If each column J;(0) is expressed in

the fixed space frame {s}: = Space Jacobian V= J(6)0

Geometric

* If each column J;(8) is expressed in =  Body Jacobian Vv, =],(0)0 Jacobians

the end-effector frame {b}:
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Space Jacobian

Consider an n-link open chain as configuration 6: . 0. | On—2
T(0) = e!51101[52102 ... o[Sn10n pp kif:mzis (b} i I A Y S
(V] =TT™? (T=T,,) M

= (%e[sl]m) e olSnlOnpg 4 o[5116: (%e[sz]ez> oISl pg 4 3,

= [51]916[31]91 e[Sn]enM _|_ 3[51]91 [Sz]éze[SZ]ez e[Sn]HnM +

T-1 = M~—1le~[5nl0n ... o~ (51161

A\ 4

(V] = [51]91 + el51164 [Sz]e—[51]9192 + (51161 [5216, [53]6—[52]923—[51]9193 + ...
Als;1A7" = [[Adalsi]
Vs =5, 0; + [Ad 5,16, |S2 62 + [Ad 15,164 15506, | S3 05 + -+ A€ SEQ)
Js1 Js2 Js3

vs :]slél +152(01)é2 + - +]Sn(91r ---rgn—l)én
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Space Jacobian (cont)

0
Vs = []sl 152(91) ]sn(elr ---»911—1)] l}l] =]s(9)9
On

The space Jacobian J;(0) € R®*™ relates the joint rate vector 0 € R™ to the spatial twist
V.. The ith column of J.(0) is

_ wsi(e) _ —
]Sl(e) - [v (0) - lAde[Sl]gl___e[si—l]ei—ll Sl .].5‘1 - Sl
St N JJ i=2,..,n
Screw axis describing the ith joint axis (expressed in the Screw axis describing the ith joint
fixed space frame {s}) after the joints 1, ...,i — 1 move axis (expressed in the fixed space
from their zero position to the current values 64, ..., 0;_1. frame {s}) when the robot in its

zero/home configuration 8 = 0.

Note: The space Jacobian J is independent of the choice of the end-effector frame {b}.
Note: J; is determined in the same way as the joint screw axis §;, except that J; is
determined for an arbitrary @ rather than 8 = 0.
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Example: Space Jacobian of a Spatial RRRP Robot
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Body Jacobian

Consider an n-link open chain as configuration 8:
{b}

T() = Me!B1161,[B216; ... p[Bnlbn
(forward kinematics)

[V,] =TT T=Tg)

d 9l
T = Me[31]91 e[Bn—ﬂ@n—l (_e[Bn]9n> + Me[31]91 (_e[Bn—ﬂen—l) e[Bn]Qn + ..

_|_Me[31]91 [31]6[32]92 e[Bn]Qnél

T_1 — e_[Bn]en e_[Bl]elM_l

\ 4

[vb] = [Bn]gn + e_[Bn]en[Bn_l]e[Bn]enén_l + oo 4 e_[Bn]Qn e—[BZ]QZ [Bl]e[Bz]Qz e[Bn]engl

. . . iA-l[Bi]A = [[Ad,-11B,]
Vyp =By th + |Ad, 3116, | Bn—1 On—1 + - + |Ad~Br10n...,~1B210, | B1 61 A € SE(3)

Ibn Ibn-1 Ib1

vb :]b1(92: ---ren)él + - +]bn—1(9n)én—1 +]bnén
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Body Jacobian (cont)

61
Vy =Up, (02, ,00) = T, ,(0n) Jp,]| i |=75(0)0
O
The body Jacobian J,(0) € R%*" relates the joint rate vector 0 € R™ to the end-effector
(or body) twist V},. The ith column of J,(0) is

wbi(e)] Jon =B

() = = |ad__ iy a165s, | Bi bn = Bn
]bl( ) vbi(e) L e [Bnlon _o—[Bi+1]0i+1 |/l i=n—1,..,1
Screw axis describing the ith joint axis (expressed in the Screw axis describing the ith joint
end-effector frame {b}) after the joints i + 1, ...,n move axis (expressed in the end-effector
from their zero position to the current values 8,,, ..., 0;41. frame {b}) when the robot in its

zero/home configuration 8 = 0.

Note: The body Jacobian J; is independent of the choice of the space frame {s}.
Note: J,; is determined in the same way as the joint screw axis B;, except that J,; is
determined for an arbitrary @ rather than 8 = 0.
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Example

Find the space and body Jacobians in the given configuration. A)A(b
A<—¢‘>(22330)
Zh
03
02

Ys / (2,1,0)

Amin Fakhari, Fall 2024 MEC529 ¢ Ch6: Velocity Kinematics and Statics P10



Geometric Jacobian Analytic Jacobian Singularity Analysis Inverse Velocity Kin. & Redundancy Analysis Statics Manipulability

00000000 e00 00000 00000000 00000000 000 0000000

Relationship between Space and Body Jacobian

vS = [Adeb]vb
— . Vp = [AdTbs]vs
Vy, =75(0)6 [AdTl][Ade]v = [AdTsz]v

Vs = 15(9)9

V:=J(0)60 = [Adr,|V,=]s(0)0 = [Adr, |[Adr, |V, =[Adr, |]s(0)0

. . . VO £ 0
= V= [Adr, JIs(0)60 = (06 =[Adr, ]]5(6)8 =

15(8) = [Adr, }J5(8)

Similarly, | J5(8) = [Ady_, ]J,(8)

Note: The space and body Jacobians, and the space and body twists, are similarly related by the adjoint
map because each column of the space or body Jacobian corresponds to a twist.

Amin Fakhari, Fall 2024 MEC529 ¢ Ch6: Velocity Kinematics and Statics P11



Geometric Jacobian Analytic Jacobian Singularity Analysis Inverse Velocity Kin. & Redundancy Analysis Statics Manipulability

00000000080 00000 00000000 00000000 000 0000000

Another Form of Geometric Jacobian

Another form of geometric Jacobian is defined as [(‘;’Sl =], (6)6

where w; is the angular velocity of EE frame {b} expressed in fixed frame {s} ans p is
linear velocity of the origin of EE frame {b} expressed in fixed frame {s}.
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Example

w :
Prove that the relationship between the space Jacobian J, where lvsl = J.(0)0 and
S

w ]
geometric Jacobian J, where | .°| = J,(8)8 is as follows.
) p )

I, 0

]9(0) - [—[p] I;

I2G
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Analytic Jacobian

Amin Fakhari, Fall 2024 MEC529 ¢ Ch6: Velocity Kinematics and Statics P14



Geometric Jacobian Analytic Jacobian Singularity Analysis Inverse Velocity Kin. & Redundancy Analysis Statics Manipulability

00000000000 @0000 00000000 00000000 000 0000000

Alternative Notions of Jacobian

There exist alternative notions of the Jacobian that are based on the representation of the
end-effector configuration using a minimum set of coordinates x, corresponding to a
specific robot task space (which is a subspace of SE(3)), i.e., the different representations
of rotations (e.g., Euler angles ¢, unit quaternions g, or exponential coordinates 1), or the
different definitions of the end-effector velocities.

Y —'“’5]—1(9)9 k= |® me Jos (@80 & =(apB7)
s T lvg] — s e—p—ae a,P i
Wy . ] i _
7 ] =7,(0)0 . [P] 0=7,,006 9= 927
b P [ | (llqll = 1)
wsl ; . -7."- p -~ 3
>1=7,00)0 e x.=1.|= 0 = 0)6 r=wl R
l pl—79 ¢ Ip] Jar(6) (l@ll = 1,6 € [0,7])
Geometric Jacobian If the end-effector velocity is represented by the time
_ _ derivative of the coordinates, the Jacobian is called the
Note: 7 and q represent the orientation of EE Analytic Jacobian J,, which is derived by differentiation
frame {b} expressed in fixed frame {s} and p of the forward kinematics function with respect to the

represents the position of the origin of {b}
expressed in {s}.

joint variables: x, = FK(0) — i, = J,(0)80.
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Geometric Jacobian vs Analytic Jacobian

* From a physical viewpoint, the meaning of w is more intuitive than that of c]), q, and 1.
However, while the integral of ¢, q, and 7 over time gives ¢, g, and 1, the integral of w
does not admit a clear physical interpretation.

* The geometric Jacobian is used whenever it is necessary to refer to quantities of clear
physical meaning, while the analytical Jacobian is used whenever it is necessary to refer
to differential quantities of variables defined in the task space.
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Example

w :
Prove that the relationship between the body Jacobian J;, where V,, = lv;:] = J,(0)0 and

an analytic Jacobian J; ;- where [;;] = ]a,,,(e)é is as follows.

A7) o
Jo@® =" Yl
Note: wp = A(r)F where  A(r) = I — 1 —”c:slllzl Tl ] + |l ”—:iIT3 | |l (]2

and we assume that the matrix A(7) is invertible.
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Example

Prove that the relationship between the analytic Jacobian J, 4, where [?] = ]a’¢(9)9

and ¢ = (¢, 9,9) is the Euler angles ZYZ in current frame, and geometric Jacobian J
wS n -
where [ b ] = J4(0)0 is as follows.

150 = [%6? P2]Jas(®
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General Form of Velocity Kinematics

In general, depending on the dimension of task space r (r < 6), the differential kinematics

equation can be represented as .
VY =J(0)6

where now V € R" (e.g., V;, V., (w,, p), or X,) is end-effector velocity for the specific
task, @ € R", and J(0) € R"*™ is the corresponding Jacobian matrix that can be extracted
from a 6 X n geometric or analytic Jacobian (by removing null and irrelevant rows).

Examples:

(1)

(Xe,Ve)

(2)

* For the 3R planar robot (1) with
X, = (v, @), ] € R3*3 and

] € R3X3

with x, = (x,,%,.), ] € R¥3, * (2) and (3) are inherently impossible to rotate about axes x and y.
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Singularity Analysis
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Kinematic Singularity

as we are interested in the velocity of {b} rather than {s}.

The configurations at which the robot’s end-effector loses the ability to move
instantaneously in one or more directions is called a Kinematic Singularity. In these
directions, the robot can resist arbitrary wrenches.

% In singular configuration 8*, J(8*) € R"™*" is rank-deficient, i.e., rank(J(8*)) < min(r, n).

To check rank-deficiency, use the Jacobian that maps 0 to the non-zero and independent
velocities of the EE frame {b} (i.e., after removing null and irrelevant rows of J(@) € R™*"
where J can be ], J 4, or ], as we are interested in the velocity of {b} rather than {s}).

* The kinematic singularities are typical of a mechanical structure and independent of the
choice of the frames (e.g., fixed frame {s} and end-effector frame {b}).

* In the neighborhood of a singularity, small velocities V in the task space may cause
large velocities 0 in the joint space.

% Since [Ady] is always invertible and J; = [Adeb]]b,]b and J always have the
same rank.
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Kinematic Singularity

Singularities can be classified into:

* Boundary Singularities: They occur when the manipulator is either outstretched or
retracted (it is easy to avoid).

* Internal Singularities: They occur anywhere inside the reachable workspace (it is hard to
avoid).

Singularity Decoupling: Computation of internal singularities (spherical wrist)
via the Jacobian determinant may be tedious and of no easy
solution for complex structures. For manipulators having a
spherical wrist (i.e., three consecutive revolute joint axes
intersect at a common point w), we can compute the singular
configurations in two steps:

* Computation of wrist singularities resulting from
the motion of the spherical wrist.

* Computation of arm singularities resulting from
the motion of the first 3 or more links.
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An Example of Wrist Singularity

The singularity occurs when §; and S5 are aligned.

* In this configuration, the wrist cannot rotate about the axis orthogonal to S; and S,.
* Rotations of equal magnitude about opposite directions on S; and S; do not produce
any end-effector rotation.

Note: Wrist singularity is naturally described in the joint space and can be encountered
anywhere inside the manipulator reachable workspace.

Amin Fakhari, Fall 2024 MEC529 ¢ Ch6: Velocity Kinematics and Statics P23



Geometric Jacobian Analytic Jacobian Singularity Analysis Inverse Velocity Kin. & Redundancy Analysis Statics Manipulability

00000000000 00000 O00e0000 00000000 000 0000000

Examples of Arm Singularities

w

For a 3R spatial robot:

Elbow Singularity: when the elbow Shoulder Singularity: when the wrist point (w)
is outstretched or retracted. lies on axis S; (the whole axis S; describes a
continuum of singular configurations).

Note: Arm singularity is well identified in the task space, and thus, they can be suitably
avoided in the end-effector trajectory planning stage.

Amin Fakhari, Fall 2024 MEC529 ¢ Ch6: Velocity Kinematics and Statics P24



L

Geometric Jacobian Analytic Jacobian Singularity Analysis Inverse Velocity Kin. & Redundancy Analysis Statics Manipulability ‘
00000000000 00000 0O000®000 00000000 000 0000000 Drversty

Examples of Common Singular Configurations (n = 3)

Case |I: Two Collinear Revolute Joint Axes

12 =4 % q,]

} Js1 =Js2

Wg1
—Ws1 X 44

Js1(0) =

Wg1 = Wy
W51 X 1 = W51 X 44

The set {J.1,Js2, ... } cannot be linearly independent.

Case ll: Three Coplanar and Parallel Revolute Joint Axes

J.(6) = Ws1 Ws1 Wsq
s 10 —ws Xq, —wg XQq3
u au

The set {J¢1,Js2,Js3, --- } cannot be linearly independent.

Amin Fakhari, Fall 2024 MEC529 ¢ Ch6: Velocity Kinematics and Statics P25



Geometric Jacobian Analytic Jacobian Singularity Analysis Inverse Velocity Kin. & Redundancy Analysis

00000000

00000000000 00000 O0000e00

Statics Manipulability ‘ 3]
o000 0000000 Stony Brook

University

Examples of Common Singular Configurations (n = 4)

Case lll: Four Revolute Joint Axes Intersecting at a Common Point

S2
J (9) — Ws1 Wsy Wg3 Wgy ] S
s 0 0 0 O 5
2
Example >
The set {J¢1,Js2,Js3,Jsa, - } cannot be linearly independent. Ss
\A\« Si
Case IV: Four Coplanar Revolute Joints {s}
Wysix dix 0
.= | Wei , = i
Wi (S)ly q; q(l)y —wg X q; = 0
WsiyJix — Wsixqiy
Ws1x Ws2x Ws3yx Wsax
Ws1y Ws2y Ws3y Wsay
1.0 0 0 0 0
s - 0 0 0 0
0 0 0 0 The setb{ls|1"152’|ls'3’(]jS4' 2{
| Ws1yJ1x — Ws1xq1y Ws2yQox — Ws2xq2y WDs3yq3x — Ws3x(3y WsayGax — Wsaxqsy ] cannot be finear y Inaepen ent.
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Examples of Common Singular Configurations (n = 6)

Case V: Six Revolute Joints Intersecting a Common Line !

/
/
7/
—Wg X {q; = (wsiyqiz» —Wsix(iz, 0) \ ) '\
/
EE—
4
/
/7
Wg1yx Wgox Wg3yx Wgax Wgsyx Wsex o
wsly wsZy (USSy (‘)s4y wsSy ws6y <\Z<{S}
9) = Ws1z Wg27 Wg37 Wg4z Wgs5z Wsez
Js(0) =

Ws1yqd1z Ws2yq2z Ws3yq32 Wsayaz Ws5y(s5z Wsey ez

—Ws1xq1z —Ws2xq2z —Ws3xq3z —Ws4xq4z —Ws5x(s5z —Wsexez
: 0 0 0 0 0 0 §

The set {Js1,Js2,J 3. Jsa-J 5. ] s6» - } Cannot be linearly independent.

Amin Fakhari, Fall 2024 MEC529 ¢ Ch6: Velocity Kinematics and Statics P27



Geometric Jacobian Analytic Jacobian Singularity Analysis Inverse Velocity Kin. & Redundancy Analysis Statics Manipulability

00000000000 00000 O000000e 00000000 000 0000000

Example

For the KUKA LBR iiwa 7R robot shown in its zero/home configuration, for a general task of
manipulating a rigid body, what is the dimension of the Jacobian matrix? What is the rank
of the Jacobian at this configuration?

J2 J4 J6
. L, L, L3 T Ly
Xs A ¢ N ¢ N Xb
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Inverse Velocity Kinematics
and Redundancy Analysis
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Analysis of Velocity Kinematics and Kinematic
Redundancy

Assume a n-DOF robot that is not at a singular configuration and dim(T-Space) = r,

e If n < r, then arbitrary twists V cannot be achieved (the robot does not have enough
joints).

* If n = r, then any arbitrary twists V can be achieved (the robot have enough joints).
* If n > r, then not only any arbitrary twists V can be achieved but also the remaining
n — r degrees of freedoms (redundant DOFs) can generates internal motions at the

joints of the robot that are not evident in the motion of the end-effector.

>
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Analysis of Velocity Kinematics and Kinematic
Redundancy

Consider the velocity kinematics equation ¥V = J(0)0 where J(8) € R™*", 0 € R"®, V € R", and
rank(J) = p
0 ](0) > 14

____________________________

____________________________

dimR(JT) =p ’ ) ’ ™ dimR(J) =p

\
1
1
1
1
1
1
1
1
1
I
1
1

# P that can be
generated by 0, in a

0 that does not given configuration.

produce any VY, due
ton — p degrees of

redundancy.

VN € R/ P that is unreachable,

1
1
1
1
I
1
1
1
1
1
1
1
I
1
1
1
1
1
1
I
1
1
1

N(]T) in a given configuration,
\ due r — p singularities.
dimN(J) =n—p p dmN(JD) =r—p

* |f the Jacobian is full-rank (robot is not at a singular configuration) and n > r (robot is redundant):
dimR(J) =r,dimN({J) =n—r,anddimN(JT) = 0.
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Inverse Velocity Kinematics

Given a desired EE twist ¥ € R”, what joint velocities @ € R™ are needed?

* If J(@) € R"™*" is square (n = r) and full rank rank(J) = r, (i.e., not at a singular

configuration), then J(@) is invertible and there is a unique solution as @ = J ().

* If J(@) € R"™*" is not square and n > r (i.e., robot is redundant, J is a fat matrix, and
N(J) # ©), and also J is full (row) rank, rank(J) = r (i.e., robot is not at a singular
configuration and V(JT) = @), then infinite exact solutions 8 exist to V = J(0)0 as

6=06"+P0,=J](0)"V+(I,—J(6)"](0)0, V8,€R™
where J* = JT(JJT)~1 is the right pseudo-inverse as JJ© = I,..

< The solution 8* = J*V locally minimizes the norm of joint velocities 6.

% The matrix P = I,, — J*] projects of 8, in N'(J), so as not to violate the constraint
v =]é.
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Remarks

X 90 is a vector of arbitrary joint velocities that can generate internal motions and can be
specified to satisfy an additional constraint to the problem due to the presence of
redundant DOFs. The additional constraint has secondary priority with respect to the

primary kinematic constraint V = ]9.

L 4

s The use of the pseudoinverse J* = JT(JJT) =1 implicitly weights the cost of each joint
velocity identically. We could instead give the joint velocities different weights; for
example, the velocity at the first joint, which moves a lot of the robot’s mass, could be
weighted more heavily than the velocity at the last joint, which moves little of the
robot’s mass. Therefore, we can use the weighted right pseudo-inverse as

JT=wAgwE ™
W, € R™" is a positive definite matrix.

For example, by using W.,. = M(0) where M(0) is the mass matrix of the robot, we can
find the @ that minimizes the kinetic energy, while also satisfyingV = J0.
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Exploiting Redundant DOFs

(Redundancy Resolution)

A typical choice of 90 for advantageously exploiting redundant DOFs is

ow(0)
a0

T
0, = k,Vow(0) = ko( ) where ky € R,

which is in the direction of the gradient of a (secondary) objective function w(@) at a
given @ (i.e., in the direction at which function w(@) increases the fastest). Thus, the
solution @ = 0* + PO, attempts to maximize w(8) locally compatible to the primary
objective YV = ]9 (kinematic constraint).

¢ Three typical (secondary) objective functions w(0):

1) Manipulability measure: w(0) = /det(J(8)]J(0)T)

By maximizing w(@), redundancy is exploited to move away from singularities. Note that
w(@) vanishes at a singular configuration.
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Exploiting Redundant DOFs

(Redundancy Resolution)

2) Distance from mechanical joint limits:

n — 2
1 6; — 0; n: number of joints,
w(8) = _%Z Oipr — Oy Oim (0im): maximum (minimum) joint limit,
=1 0;: middle value of the joint range.

By maximizing w(@), redundancy is exploited to keep the joint variables @ as close as
possible to the center of their ranges.

3) Distance from an obstacle:

_ 0: position vector of a suitable point on the obstacle,
w(0) = mlglllpB (6) — o pg: position vector of a generic point along the body
PB B of the robot.

By maximizing w(@), redundancy is exploited to avoid collision of the manipulator’s body
with an obstacle.
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Inverse Velocity Kinematics
Kinematic Singularities

* When J(0) € R"™ ™ (square or non-square) is rank deficient (i.e., mathematically,

rank(J) < min(r,n), N(J) # @, and N(]T) #+ @, and physically, a redundant or non-
redundant robot at a singular configuration),

= If V € R(J), there will be infinite exact solutions in the form
6=JO)"v+(I,—](0)]())8, v, € R"

and J(8)* is pseudo-inverse which can be computed using the Singular Value
Decomposition (SVD) or approximately using Damped Least Squares (DLS).

This means that the assigned path is physically executable by the manipulator, even
though it is at a singular configuration.

= IfV & R(J), there will be not exact solutions.

This means that the end-effector path cannot be executed by the manipulator at the
given posture.
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Inverse Velocity Kinematics
Kinematic Singularities

¢ In the neighborhood of a singularity, small velocities V in the task space may cause
large velocities 0 in the joint space.

“+The pseudo-inverse J(@)" computed using the Damped Least Squares (DLS) is more
stable and computationally less expensive.

JT(@) = Jj@O)Y ' y®je’+ )

This solution is derived from this optimization problem:
. . 1 ...
min (V- J(6)8 ) (V-J(0)8) + 4076

The damping factor 1 € R, establishes the relative weight between the kinematic
constraint ¥ = J(0)0 and the minimum norm joint velocity requirement. In the
neighborhood of a singularity, A is to be chosen large enough so as to render differential
kinematics inversion well conditioned, whereas far from singularities, A can be chosen
small (even A = 0) so as to guarantee accurate differential kinematics inversion. There
exist techniques for selecting optimal values for A.
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Statics of Open Chains
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Statics of Open Chains

The goal of statics is to determine the relationship between wrench F applied to the end-
effector and joint torques T € R™ applied to the joints (forces for prismatic joints, torques
for revolute joints) with the manipulator at an equilibrium configuration.

Principle of conservation of power: (generated wrench)
power generated at the joints = F
(power measured at the end-effector) + (power to move the robot)

At static equilibrium, no power is being used to move the robot,

thus: Fexe = —F

70 = FTy 0-0 (external wrench)
v=j (9)91
T=]"(0)F
where F € R is the wrench generated by the robot, ] € R™*" (s}

is the corresponding geometric or analytic Jacobian matrix, and
dim(T-Space) = r (r < 6).
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Statics and Kinematic Redundancy

(generated wrench)

Note: If an external wrench F .4 is applied to the end-effector F
when the robot is at equilibrium, T = JTF calculates the joint
torques T needed to generate the opposing wrench F, keeping
the robot at equilibrium.

Fext = —F
(external wrench)

Note: If the robot has to support itself against gravity to
maintain static equilibrium, the torques T = JT F must
be added to the torques T, that compensate gravity:

— JT
tjoint —] F+ Tg (s}

Assume a n-DOF robot that is not at a singular configuration and dim(T-Space) = r,

e If n = r, the embedding the end-effector in concrete will immobilize the robot.

* If n > r, then the robot is redundant, and even if the end-effector is embedded in
concrete, the joint torques may cause internal motions of the links. The static
equilibrium assumption is no longer satisfied, and we need to include dynamics to know
what will happen to the robot.
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Kineto-Statics Duality

Consider static equation T = JT(@)F where J(8) € R™", T € R"*, F € R", and rank(J) = p.

J'(6)

____________________________

____________________________

\S T that can be
\ balanced by F, in a
given configuration.

F that does not
require any balancing
T, in a given
configuration, due to
r — p singularities.

, T that is unreachable
- v E IRin//'/ (or does not produce
. any F),duen —p
1 \ 1 degrees of redundancy.

dimN(JH) =r—p . dimN(J)=n—-p

* |f the Jacobian is full-rank (robot is not at a singular configuration) and n > r (robot is redundant):
dimR(J) =7, dimN(J) =n—r,anddimN(JT) = 0.
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Manipulability
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Preliminary: Ellipsoid Representation

For any symmetric positive-definite A € R™*™, the set of vectors x € R™ satisfying
xT Ax = 1 defines an ellipsoid (function of x) in the m-dimensional space.

Assume that u; € R™ are eigenvectors and A; € R are eigenvaluesof A~ (i = 1, ..., m).

Therefore, for the ellipsoid,
* Directions of the principal axes are u; ,

* Lengths of the principal semi-axes are \/Z ,
* Volume is proportional to \//11/12 Ay = +/det(A71) .
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Velocity Manipulability Ellipsoid

The velocity manipulability ellipsoid corresponds to the end-effector velocities V € R" for
joint rates @ € R™ satisfying ||0|| = 070 = 1 (the points on the surface of a sphere).

Uy u1

At a nonsingular configuration: \/
Y =J(0)6 VER",H€R"JeER*" . "/
+ _ (T} =
1=0Th IARSRUD ﬁ‘

=J"m'g+y
— vT]+T]+V
— VTV JJT € R™ is square, symmetric,

, o and positive definite, as is (JJT) 1.
(the points on the surface of an ellipsoid)

Assume that u; € R” are eigenvectors and A; € R are eigenvaluesof JJT (i = 1, ..., 7).

- Directions of the principal axes: u;
- Lengths of the principal semi-axes: g; = \/A; (o; are the singular values of J)

- Volume is proportional to /A4, =+ 4, = Jdet(JJT) ifn=r _ |det(J)]
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Velocity Manipulability Ellipsoid

* Along the direction of the major axis of the ellipsoid, the end-effector can move at large
velocity, while along the direction of the minor axis small end-effector velocities are
obtained.

* The closer the ellipsoid is to a sphere, the better the end-effector can move isotropically
along all directions of the operational space.

* Velocity manipulability ellipsoid is used to visualize and characterize how close a
nonsingular configuration of a robot is to being singular.

Velocity manipulability ellipses for
a 2R planar arm (for [; = [, = 1):
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Velocity Manipulability Measures

Velocity manipulability measures:
(1) The volume of the ellipsoid (proportional to /4,1, ...):

(nonredundant)

* As the robot approaches a singularity, w, (@) goes to 0.

(2) The ratio of the largest to smallest principal semi-axes:

w,(0) = Omax _ Amax(JJ") _ AmaxJJT) . (w is called condition number of J)
2 Omin Amin (]]T) Amin ]T) o ul

(3) The ratio of the largest to smallest eigenvalues:

Amax r
W3(e) = WZ(O)Z = K(I;Ti >1

}% s

* When w,(0) or w3(0) is low (close to 1), the ellipsoid is nearly spherical or isotropic.
* As the robot approaches a singularity, w, (8) or w3(0) goes to infinity.
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Force Manipulability Ellipsoid

The force manipulability ellipsoid corresponds to forces F generated at the end-effector
by joint rates T satisfying ||z|| = 7t = 1 (the points on the surface of a sphere).

t=J7(0)F
|
1=1tle=FTJJTF
0.5
(the points on the surface of an ellipsoid)

E 0
. . . -0.5

Force manipulability ellipses for a
2R planararm (for l; = [, = 1): ~1

[m]

* The principal axes of the force manipulability ellipsoid coincide with the principal axes of
the velocity manipulability ellipsoid.

* The lengths of the respective principal semi-axes are in inverse proportion (1/4/4;).
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Remarks

 According to the concept of force/velocity duality, For a 2R Planar Robot:
a direction along which it is easy to generate a tip ' Ty
velocity is a direction along which it is difficult to
generate a force, and vice versa. .
* The product of the volumes of the velocity and
y A frh

force manipulability ellipsoids (< /A;4, -+ and &
o« 1/\/A111, -+, respectively) is constant over 8.

0N

% X ; fx
* At asingularity,

o the velocity manipulability ellipsoid collapses to a line segment (it loses dimension, and
its area drops to zero). EE motion capability becomes zero in one (or more) direction(s),

o the force manipulability ellipsoid becomes infinitely long in a direction orthogonal to
the velocity manipulability ellipsoid line segment and skinny in the orthogonal direction
(its area goes to infinity). EE can resist infinite force in one (or more) direction(s).
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Visualizing Manipulability Ellipsoids

If it is desired to geometrically visualize manipulability in a space of dimension greater than
3, it is worth separating the components of linear velocity (or force) from those of angular
velocity (or moment), also avoiding problems due to nonhomogeneous dimensions of the

relevant quantities (e.g., m/s vs rad/s).

J(6) = J(6) € RO*n J(0) € R3*™ - angular velocity/moment ellipsoids
- ]v(9)]

J,(8) € R3*™ — linear velocity/force ellipsoids

* When calculating the linear-velocity manipulability ellipsoid, it generally makes more sense to use
the body Jacobian J;, or geometric Jacobian J; instead of the space Jacobian J, since we are usually
interested in the linear velocity of a point at the origin of the end-effector frame rather than that of

a point at the origin of the fixed-space frame.
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