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Dynamic Equations

The dynamic equations (equations of motion) of an open-chain manipulator are a set of
2nd-order ordinary differential equations of the form

T=M(0)0 + h(0,0)

= M(0)6 +¢(0,0) + g(8)

0 € R": Joint Variables (or joint coordinates or joint positions)

T € R™: Joint Torques/Forces (applied at the joints by the actuators)
M(0) € R™™: Mass Matrix

h(o, 9) € R™: Coriolis, Centripetal, Gravitational, and Frictional Terms

C(B, 9) € R™: Coriolis, Centripetal, and Frictional Terms
g(0) € R™: Gravitational Terms
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Forward & Inverse Dynamics

Forward Dynamics:
Finding the acceleration 0 given the state 8, 6, and the joint torques/forces :

0 =M1(0)(r— h(0,6))

Inverse Dynamics:
Finding the joint torques/forces T given the state 8, 0, and acceleration 8.

T=M(0)0 + h(6,0)

Two equivalent approaches to derive dynamic equations:

1) Lagrangian Formulation (variational, based on energy)
2) Newton—Euler Formulation
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Lagrangian Formulation
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Lagrangian Formulation

* Lagrangian function: L(q,q) = X (q,q) — P(q)
Kinetic Potential
L:R*" X R" - R, Energy Energy

n. . .
q € R™: Generalized Independent Coordinates (Due only to conservative forces such as

gravitational energy and energy stored in springs.)

d [0L(q,9)] 0L(q,q
* Equations of Motion: [ (q q)] _ g‘l q)

~dt| aq q

f € R™: Generalized (Nonconservative) Forces (e.g., external forces/torques or friction
forces) such that f and q are dual to each other, i.e., the fTq corresponds to power.

d [aL(q, éI)] L@y _q..,
dq

In components: fi = at| aq
i

i
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Example 1

Consider the 1-DOF mechanism. It consists of a rigid link formed by two parts, of lengths [,
and [,, whose masses 1, and m, are, for simplicity, considered to be concentrated at their
respective centers of mass, located at the ends. The angle ¢ is constant. The mechanism
possesses only revolute motion about the z, axis, the angle of which is represented by 6.
Derive equations of motion for the mechanism moving in the presence of gravity.
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Example 2

Derive equations of motion for a planar 2R open chain moving in the presence of gravity.

For the sake of simplicity, model the links as point masses
my, M, concentrated at the ends of each link.

/Note: N

For an n-link open-chain manipulator:

{n+1}

Generalized coordinates: @ € R"

{n}

Generalized forces: T € R"

\_
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Example 2 (con)

71 = (mlL%_ + m, (L% + 2L1L2COS 92 + L%)) él

+m2 (L1L2COS 92 + LZZ)QZ — mleLzsin 92(29192 + 622)
+(my; + my)L,gcos 8, + mygL,cos(8, + 6,),

T, = my (L1L2COS 82 + L%)Ql + mzL%éz + m2L1L29123in 02
+m2gL2COS(91 + 02)

We can gather terms together into an equation of the form: T = M(H)é + 0(9, 9) + g(0)

M(e) . [mlL%_ + mz(L% + 2L1L2COS 92 + L%) mz(Llecos 62 + L%)]

my(LyL,cos B, + L3) m,L3

—m, Ly Lysin 6,(26, 60, + 622)]
mleLzé:lein 62

¢(6,6) = [

(my + my)Lygcos6; + m,gL,cos(6; + 92)]

9(0) = [ m,gL,cos(6; + 6,)
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Example 3

Derive equations of motion for a planar RP open chain moving in the presence of gravity.
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Example 4

Consider the 3-DOF Cartesian robot manipulator. The manipulator consists of three rigid
links mutually orthogonal. The three joints of the robot are prismatic. Derive equations of
motion for the robot manipulator moving in the presence of gravity.
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Newton—Euler Formulation
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Dynamics of a Single Rigid Body: Method 1

Let assume that the body is moving with a body twist V;, = (wy, v;,) and {b} is at center of
mass (COM).

r:vb+wb><r R:ZRSb
) ,+d .\ d v, =R"p
r=v —wy XT wy, X —71r

b g b b7 dt wp = R" w;

=1')b+(bb><r+wb><(vb+wb><r)
=V + [@p]1 + [wp ]V}, + [wp]°T

df =dm7r =dm (vb + [(bb]r + [wb]vb + [wb]zr)
dm =r x df = |r]df

At COM: [ rdm = [[r]ldm =0

_ 0 0
myy fdm Rotational dynamics [vb f))’fdm + [[r][@wp]rdm + [wp ]V, Mdm + [[r][wp]?rdm
Iv ] B [ df | Transiational dynamics vy, [ dm + [@p] Fredn + [wp]v), [ dm + [w,]? Jrduy )

' 0

_ [To@p + [“’b]lb“’b]<—Euler s Equation I, = — j[r]zdm € R3*3
- m(@p + lwplvy) Inertia Matrix in frame {b}

(symmetric and positive definite)
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Inertia Matrix

I, = — [[r]*dm r=(xy2z) Note: Inertia matrix in body
[ (y? + z¥)dm — [ xydm — [ xzdm | frame {b} (I,) is constant.
=| —Jxydm  [(x*+z%)dm  —[yzdm
— [ xzdm —Jyzdm  [(x* 4+ y?)dm]
b oy lxa Rotational Kinetic Energy:
=y Ly Iy
_Ixz Iyz I, K = —wglbwb

2

- If the body has uniform density: dm = pdV = pdxdydz

= |
—T h[

\Z

£ v
-
L, = m(w? + h?)/12 L, = m(3r% + h?)/12 L, = m(b? + ¢?)/5
L, = m(¢* + h?)/12 I, = m(3r? + h?)/12 I,, = m(a®+¢?)/5
I,, = m(£? + w?)/12 I,, = mr?/2 I,, = m(a? + b?)/5
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Expressing Inertia Matrix I, in a Rotated Frame

Let I, be inertia matrix in a rotated frame {c} described by R},.:

b}
COM

Rotational kinetic energy of the rotating body is independent of the chosen frame:

1
—wi . w, =

5 wglbwb

2

_ pT
=5 (Rbcwc)TIb (Rycw.) $ fe = RpclpRoc

1
=S T(RY LRy )0,
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Diagonalizing Inertia Matrix I,

Let v4, V5, V3 be the eigenvectors of I}, and A4, 4,, A3 be the corresponding eigenvalues.
* Principal Axes of Inertia are in the directions of v, v,, V3 (expressed in {b}).
* Principal Moments of Inertia (about v, v,, v3), are 14, 1,, A3 > 0.

my, = I,w, + [wb]lbwb = Iyyd)y + (Ixx — Izz)wxwz
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Inertia Matrix: Steiner’s Theorem

Inertia matrix I, about a frame {q} aligned with {b} (at the center of mass), but at a point
q = (9x 9y, ;) in {b}:

I,=1,+m(q"ql; — qq")

= I, + m[q]"[q]

I; = diag(1) € R3*3
(identity matrix)

Note: The inertia matrix of a compound/composite body is the sum of their inertias when
expressed in a common frame.
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Example

A compound object consists of a uniform-density cylinder and a uniform-density rectangular
prism. The mass of the cylinder is 2 kg and the mass of the prism is 1 kg. A frame {a} is
defined at the center of the cylinder, with the x-axis along the prism and the z-axis vertical.

(1) Where is the CM of the compound object in {a}?

(1) In a frame {b} at the CM, aligned with {a}, what is the inertia of the compound object?

10 cm

’ 16 cm ‘
4 cm r 12cm

2cm
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Dynamics of a Single Rigid Body: Method 2
(in World Frame {s})

Let f be the net force applied at the center of mass of the rigid body expressed in {s} and
m be the net moment applied to the rigid body expressed in {s}.

d
— N — (Iswg: angular momentum)
f = (mp) =mp

(mp : linear momentum)

d d . .
m = — (I;w;) = — (RI,R"w;) = RI,R" o, + RI,R"w; + RI, R w,

~————
[wS] IS IS

= l;wg + [ws]lsws

['}l] _ [Istbs +n£({;s]lsws]

R: = Rsb

I, = RIbRT
(I,: Inertia matrix of body about COM in a frame aligned with {s})
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Dynamics of a Single Rigid Body: Method 2
(in Body Frame {b})

Let f}, be the net force applied at the center of mass of the rigid body expressed in {b} and
m, be the net moment applied to the rigid body expressed in {b}.

d d :
f= dt (mp) = ar (mRv,) = mRv, + mRv,
d(I ) d(RIRT ) d(RIRTR ) d(RI ) = RI, @, + RI
m=-—Us;w;) =~ RipR W) =—=(Rip Wp) =~ KlpWp) = RIp0p bWp
dt dt dt o dt
fo =R"f=R"Rmv, + R"TRmv,
I3 [wp]
m, = R"Tm = RTRI,®w, + RTRI,w,
I3 [wp]
mb] _ Ib(bb + [(Db]lbwb B
fo m(v, + [wp|vy) R:= Ry,
v, =R'p fo=R'f
w,=R"w; m,=R"m I, =RI,R"
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Twist—Wrench Formulation

R B e et B SR | B L | PR [

Body

Wrench — -Ib 0 ] -d’b + [wb] [vb] Ib ] wb]
0 mIz]lv,] | O [wp]1 L0 mIz] LYy
. -Ib 0 ] -(bb- _ -[(l)b] 0 -T[Ib 0 ] wb]
10 mIgflv,]  L[vp] [wp]] 1O miIs]lvp
\ ~ J \ ~ J —
G, € R6%6; [advb] Vy: I??ody
Spatial Inertia Matrix Twist
(symmetric & positive definite)
. T
Fp =G,V — [advb] G,V (Inverse Dynamics of Rigid Body)

vb = g;l (Tb + [advb]TQbe) (Forward Dynamics of Rigid Body)

1

vagvb = Vggbvb

Total Kinetic Energy = Ewblbwb +
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Lie Bracket of Two Twists

Given two twists V; = (w1, 7,) € R® and V, = (w,, v,) € R®, the Lie Bracket of V; and
V, is defined as [ady, |V, € R® where

[ady] = [[[;‘)’]] [g]]emz%, V = (w,v)

This is generalization of the cross product to two twists V; and V.
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Dynamics in Other Frames

Kinetic energy of the rigid body is independent of the frame of representation:
1 1
5VaGaVa =5V5G5Vs
1 T _ T
= E([AdTba]va) 9» [AdTba]va ga o [AdTba] gb [AdTba]

= %Vg [AdTba]Tgb [Adz, | V. This is a generalization
Ga of Steiner’s theorem.

Ta - :AdTba:TTb

= [Adr, ] 6,V) — [Adr,,] [adv,] G,V
= :AdTba:Tgb [AdTba]va _ [AdTba]T[adVb]Tgb [AdTba]va
= gava - [adva]Tgava Ly Fa= gava - [adva]Tgava

The form of the equations of motion is
independent of the frame of representation.
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Dynamics of an Open Chain Manipulator

T tip

a frame {0} to the base, frames {1} to {n} to the centers of mass of links 1 to

Consider an n-link open chain manipulator connected by 1 DOF joints. Attach
{n+1}
n, and a frame {n + 1} at the end-effector, fixed in the frame {n}. ‘7

{n} Jointn

G; € R%%®: spatial inertia matrix of link i in {i}: G; = lli 0 ]
0 mil3

M;;_, € SE(3):{i — 1} in {i} at home configuration (8 = 0).
ForgivenM;_1;:M;; 1 = (Mi—l,i)_l- (Mo; = Mo 1My5 ..M )

Joint 1
A; € R®: screw axis of joint i in {i}. A;= [AdMo—g] = [Ady,,| 'S,

(8; is screw axis of joint i in {0})

V; = (w;, v;) € R®: twist of link i in {i}.
Vo = (wg,v9) = 0 (for a fixed-base manipulator)
joint

Vo = (@0, %) = (0,—9) g € R3 gravity vector in {0} v

F; = (my, f;) € R wrench at joint i in {i}. “
Frns1 = Ftip € R®: wrench applied to the environment / \
by end-effector in {i + 1}. A; —[AdTiH’l.]T:I-‘i+1
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Recursive Newton-Euler Inverse Dynamics
Algorithm

Forward Iterations: Determining twists ¥; and accelerations V; of \Ttip
each link by moving outward from the base to the tip. Given 8, 0, 0, {y
fori = 1ton, find @ .
g .
Ti,i—l — e_[oqi]eiMi,i—l € SE(B) (Tn+1,n = Mn+1,n) l '
Vl- - -AdTi,i—l-vi_l + Jliei

: i : d ..
V; = [Adr,, ,|Vioi + E([Adni_l])vi_l + A6,
= AdT _1'71-_1 + [advi]cﬂiéi + ‘Aiéi

i,i—1

Backward Iterations: Determining wrenches F; experienced by each link, and then, the
joint torques/forces t; by moving inward from the tip to the base. Fori = n to 1, find

joint

axis i vl

Fi= [AdTiH,i]TTHl +G,V; — [advi]TQiVi
T, = T’lrc/ll
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Dynamic Equations in Closed Form

Let define some stacked vectors and matrices: V= Vl € R F = [Tl € R6",
Vn Fa
|Adr,,| Vo [Adr,, | Vo _ )
Voo = 0 € R™, Vo = 0 € RS, Fyyp, = 0 € RO™
0 0 [AdF, ,,,.] Fuea)
|ady, | 0 0 A, 0 - 0
ady) =| O ladw] 0 e gewn a=| 0 A Ol penn
0 o [adv || 0 o A
_[ada‘llél] 0 0 G, 0 - 0
[ad ] = 0 [adc{lzgz] 0 € RONX6n G = 0 9:2 0 € R6NX6n
6 [adc/;nén]_ 0 -« - Gy

Note: A and § are constant block-diagonal matrices. A contains only the kinematic parameters while
G contains only the mass and inertial parameters for each link.
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Dynamic Equations in Closed Form

0 0 0 0
|Adr,, | 0 0
W(e) = 0 [AdTBZ] coe 0 0 = R6TLX6n
0 0 - [Adr;l,n_l] 6_

With these definitions, the recursive inverse dynamics algorithm can be assembled into a
set of matrix equations:

V=W(O)V + AO + V.6
V= W(H)V + A0 — [adﬂg](w(e)v + Vpase ) + 1'7base
F = WT(O)F + GV — [ady]"GV + Fyp,

T=A'F
<5
V= (Ign—W®)) (A + Vise )
V = (Ign — W(B)) ™ (A0 — [ad 1] (W(OV + Viase) + Viase )
F = (Ien —W®) " (GV — [ady]TGV + Fup ),
t=A"F
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Dynamic Equations in Closed Form

The matrix W(0) € R®™*6" has the property that W(0)™ = 0 (such a matrix is said to be
Nilpotent of order n), and

(Ien —W(O) ' =1, + W) + -+ W"1(6)

In 0 0 e 01
:AdT21: I, 0
- :AdT31: [Adez] I, .. 0]€ RONX61
[Adr,,] [Adr,,| [Adr,] - Il

By defining £(0) = (I,, — W(0)) ™1, the equations can be reorganized as:

V = L(0)(AO + Ve )

V = L(0)(AOB — [ad 45 |(W(O)V + Vpase) + Viase )
F=LT(0)(GV — [ady]TGV + Fyipp ),

T=A"F
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