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Inverse Dynamic Equations in Closed Form

Inverse dynamic equations of an open-chain manipulator (finding T given 9, 6, 6, Frip)
can be organized into a closed-form as

. . Frip
T=M(0)6 + h(6,0) +JT(0)Fy, {w?\
= M(0)0 +¢(0,6) + g(0) + JT(0)Fy, \>§\
)

=M(6)8 +C(0,0)0 + g(8) +JT(O)Fy,

= M(6)6 + 0'T(6)0 + g(0) + JT(0)Fy, )
6 € R": Joint Variables T € R™: Joint Torques/Forces 0
M(0) € R™™: Mass Matrix g(0) € R™: Gravitational Terms {0}

h(8,0) € R™: Coriolis and Centripetal, and Gravitational Terms

c(9, 9) € R™: Coriolis and Centripetal Terms (velocity-product term or quadratic velocity term)

C(O, 9) € R™™: Coriolis Matrix I'(0): n X n X n matrix of Christoffel symbols of the first kind
J (@) € R™*®: Jacobian in the same frame as Fiip

Fiip € R®: Wrench applied to the environment by end-effector in the same frame as J(0)
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Friction Torques/Forces at Joints

The Lagrangian and Newton—Euler dynamics do not account for friction at the joints.
However, the friction torques/forces in gearheads and bearings may be significant.

Friction models often include a static friction term and a velocity-dependent viscous

friction term.
Tfric

/

Tfric

Ttric L/

~

Static or Coulomb
friction
Tfric = HUs Sgn(e)

Tfric € [_”S » Us ]
when 6 =0

Viscous friction

Tfric = bvis 0

Tfric Ttric
/ F
v 0

Static and
viscous friction

0 A v
A friction law
exhibiting the
Stribeck effect

—

Static and
kinetic friction

Static, kinetic, and
viscous friction

Tfric = |is | to initiate motion
Thric = Mk sgn(6) during motion

Hs > Ui

Thric = Us sgN(0) + byis 0
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Inverse Dynamic Equations in Closed Form

In the presence of the viscous and static friction torques/forces at the joints:

Frip
T=M(0)0+C(0,0)0+g(0) +f,(6)+fs(6,8)+ ] (6)Fy, {:?\
= M(0)0 +C(0,0)0 + g(8) + F,0 + F, sgn(0) + JT(6)F ey ?

simplified models

{2}

F,, € R™™: Diagonal matrix of viscous friction coefficients
F, € R™™: Diagonal matrix of Coulomb friction coefficients

sgn(é) € R™1: A vector whose components are the sign functions of 6;

We can also add a disturbance T4t to represent inaccurately modeled dynamics, etc.

T=M(0)6 +C(0,0)0 + g(0) + F,0 + Fssgn(0) + 45 +JT(0)Fyip
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Consider a planar 2R open chain whose links are modeled as point masses

concentrated at the ends of each link:

Accelerations of m, when 8 = (0,7/2) and 8 = 0:

L) L)
V2 —L,0% — 1,02 —2L70.9,

Coriolis terms

centripefal terms

.-"'s mz

_..-—"'.""--.,_
- ~

Ucent?2 *

P & <)
Acent1 = (_L1912: _Lzélz) Acent2 = (0, _Lzézz)
91>O, 9220 91=O, 92>0
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Understanding Mass Matrix

The total kinetic energy K of a robot can be expressed as the sum of the kinetic energies
of each link:

IO .
X =§Z VGV,
i=1

]

twist of link frame {i} in {i} spatial inertia matrix of link i in {i}

Let define J;,(0) € R®*™ as body Jacobian of link frame {i} such that V; = J;,(6)8,

i=1,..,n, thus: 1
[Vi] =Ty Ty,

1, [x .
¥ =" zl 15,(8)6:(8) | 6

. 1. .
— T
\ Y “ This is the mass matrix [> 5‘((9, 0) — E 0 M(H)H
M©) = ) 1h(©6(®) et rery of
i=1

% Mass matrix M(0) is always symmetric and positive-definite (x” M(8)x > 0 for all
x € R", x # 0), and depends only on 8. Moreover, M~1(8) always exist.
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Understanding Mass Matrix (con,

A mass matrix M(0) presents a different effective mass in different acceleration directions.
For better understanding, let represent M(0) as an effective (or apparent) mass of the end-

effector as M-(0), because it is possible to feel this mass directly by grabbing and moving
the end-effector.

If V¥ = J(0)0 is the end-effector twist and J(8) is invertible,

1. ) 1 Kinetic energy of the
K==0"™M(0)0 ==VTM (0)V robot regardless of
2 2 the coordinates.

6™M(0)6 = 0"]T(6)M-(0)](0)6

M:(6) =]~ "(0)M(6)]7(6)

A general expression that applies to both redundant and nonredundant manipulators:

-1
M(6) = (J(O)M(8)"7(8))
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Understanding Mass Matrix (con,

Consider the 2R robot with L; = L, = m; = m, = 1. When the robot is at rest (8 = 0) and
g = 0, M(8) maps the endpoint acceleration (¥, ) to (fy, ;). i-e., (fo. ;) = Mc(0)(%,3).

Force and acceleration are only
parallel along principal axes.

(Principal-axis directions given by the
eigenvectors of M-(0) and principal s

axis lengths given by its eigenvalues.) Y\
unit ball A L3
M (8) = [1.73 2
x .
.‘ ............

An example where force and
acceleration are not parallel.

_ 04 0.35
Mc'(6) = [0.35 0.8]
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Finding Dynamic Terms Using Lagrangian Formulation

-4 [“(9'9) _HO.0) - L(6,6) = %(6,6)-P(6), K(6,0) = 6TM(B)d

Gl 00
L 0K . d oL . . .. 0L 10 ... dP(0)
== ———=M(0)0+M(0)08, = 60" M(6)0) —
5= 25 =~ M©®90, o5 =M(0)8+M(©6) 9 = 230" M(0)8) - —
10 0P (0) Comparing with
T=M(0)0 + M(0)0 ———[0TM(6)0] + - . >
= (6) (6) 260[ (6) ] 00 t=M(9)9+c(0,9)+g(0)

N . 10 0%
c(6,6) = M(6)6 —-—-[0"M(6)8] = M(6)6 — -,
= 0P

9(0) =30
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Finding Dynamic Terms Using Lagrangian Formulation

(cont.)
. . d 0L(6,8) 0oL(6,0
Componentwise Analysis: T, = ( ) — ( ) k=1,..,n
0L ~ n
: d 0L d
° = my;(0)0; ¢ ——— — .
vy ; ki (0)6; T Z <mk,(9)9, + [ dtmk](H)] )
j=1
L 1\ m dP C s NN M
) =_ZZ—UQJ’9F— =kaf91+22 a0, 1%
20, 21_=1 = 00, 20, = JA = i )
I(due to symmetry)
n n n n
amkj . . 1 amk] amkl
ZZ 36, Qief_i,zz[ae + 6, | 0
j=1 i=1 i=1 j=1
n n n
1|o0my; O0my; Omy; 0
- 9 z Z . / - PV k - ) )
> T kau+ _ zlael 36, 96, "% " 36 "
j=1 i=1 j=1 y
Y I}, (@) isan X n X n matrix known as
ijk(0)

Christoffel symbols of the first kind.
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Finding Dynamic Terms Using Lagrangian Formulation

(cont.)
Thus, we can write the components of C(B, 9) as
n n
ce(8,0) = z 2 L (8)6,6;
i=1 j=1
> ¢(6,0) =c(6,0)0 = §TT(8)0
/ \ 9T, ()67 i
n . . nxn —
. . o T - BTFZ(O)O I‘l(e) eER ) FL(B) = I‘i (0)
Cj(6,0) = Z [;jx(8)6; 0°T(0)6 = : (J, k)th element of T}, (0)
t=1 10"T,,(0)6.

i 1 6mk] amkl am;; g
2 26, |

i=1
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Finding Dynamic Terms Using Newton—Euler Formulation
(Method 1: Closed Form)

Using the closed form of dynamic equations, we can write

V = L(0)(AO + Vyyse )
V = L£(0)(A0 — [ad 45 |(W(O)V + Vyase ) + Vase )
F =LT(0)(GV — [ady]TGV + Fyp ),
T=AF
T=M(6)0 +¢c(0,0) + g(6) +JT(0)Fy,

For a fixed based manipulator where V, = 0.

M(0) = ATLT(0)GL(O)A
c(0,0) = —ATLT(0)(GL(O)|ad 4, |W(O) + [ady]TG)L(0)AO
g(e) — qul:T(e)gﬁ(e)vbase

Note: M can be written explicitly as

M = —ATLTWT[ad 4| LTGLA — ATLTGL[ad g |WLA
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Finding Dynamic Terms Using Newton—Euler Formulation
(Method 2)

We know that using the recursive Newton-Euler inverse dynamics algorithm we can find t.
Thus,

- Term g(0) is computed by finding T|g_5-¢ Fiip=0
- Term C(O, 9) is computed by finding T|g_¢ Fiip=0, g=0
- Term ]T(H)Ttip is computed by finding T|g_g_¢, 4=0

-Term M(0) = [M,(0), ..., M,,(0)] is computed by
M;(6) = 1|

6=0, Fip=0,9=0,6,=1, 0=0, Vji

(Alternatively, we can use: M(0) = Z J5(0)G:]:,(0) )

=1

-Term b(6, 0, Fyip) = ¢(0,8) + g(6) + JT(8)Fy;, is computed by finding T|z_g
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Forward Dynamics
Finding @ given the 8, 0, Fiip, T T=M(0)0 + c(g, 9) + g(0) +]T(9)Ttip

After computing b(0, 6, :Ftip) = C(B, 9) + g(0) +]T(9):Ftip and M(0), we can use any
efficient algorithm to solve M(0)8 = t — b for 6.

b — M~1(6) (T — b(@, 9, Ttip))

or & = M(6)\ (- b(6,0,Fy,)) in MATLAB
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Numerical Simulation of Robot Motion

Forward dynamics can be used to simulate the motion of the robot for t € [0, t¢] given
7(t), Fiip(t), and its initial state 8(0), 0(0). These equations are coupled, non-linear
ODEs, and they can be solved using numerical integration.

4 0 (6t),: timestep that T is given N\
Given [i], Fpli] (i = 1, ..., N) | ] ,tf L
Set 8[1] = 6(0), 6[1] = 6(0) i=1 i i+1 i=N
Set @ = 0[1],6 _ 0[1] t[1] =0 tli] = i.-((?t)r t[l + 1] t[N] =ty = N-(6t),
Fori=1toN —1 N eli] wli+1] t[N] /
|
For j = 110 nyes h (6t)y = (8t);/Nyes: timestep ‘
0 = ForwardDynamics (5, [} t[i],Ttip[i]) for motion simulation and N: Number
_ o - computing 6. of samples
Q = 9 + 0'(51:)9 s Nyes: Integration resolution.
0=0+06(5t);
end ~
Q[i +1] = v First-order Euler Integration (8t),, (66)5 € R
oli+1] = (we can also use any other ODE solver like ode45 which
end is based on an explicit Runge-Kutta (4,5) formula)
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Properties of Dynamic Model
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Properties of Robot Dynamic Equations

Fundamental properties of the dynamic model of n-DOF open-chain robots are of particular
importance in the study of control systems for robot manipulators.

T=M(0)0 +¢c(0,0) + g(0)
= M(0)6 +(6,0)6 + g(0)

0 € R™: Joint Variables T € R™: Joint Torques/Forces
M(0) € R™™: Mass Matrix g(0) € R™: Gravitational Terms
C(G, 9) € R™ ™: Coriolis Matrix

C(B, 9) € R™: Coriolis and Centripetal Terms (velocity-product term or quadratic velocity term)
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Properties of Mass or Inertia Matrix M(0)

. 1. .
* The total kinetic energy K € R, of an open-chain robot:  %(8,8) = EBTM(H)H

M (0) depends only on 6.
M (0) is always symmetric and positive-definite.
M~1(0) always exist.

n
M(0) is bounded above and below:  u;I, < M(0) < u,I, VO € R", g, pz € Ryy
I, = diag(1) € R"

1I >M1(0) > 1I
H1n_ _Hzn

- If the arm is revolute, u4, u, are constants, and if the arm has prismatic
joints, u4, 4, may depend on 6.

- This property can also be expressedas my < |[|[M(0)[| < m, VO € R"

||-I] is any matrix norm, m;,m, € R,
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Properties of Coriolis & Centripetal Terms

c(0,0) =€(6,0)86 = 8'T(0)0 is quadratic in 0.
€(6,0)|,_0 = 0. | .
C(B, 9) can be bounded above by a quadratic function of 0: ||c(0, 0)” < Cb||0||

||| is any vector norm, ¢, € R,, V0,0 € R"

- If the arm is revolute, ¢, is constant, and if the arm has prismatic joints,
Cp may depend on 6.

“1f ||]| is 2-norm: ¢, = n? [ max |Fkij(0)|
k,i,j,0

Matrix C(G, 9) may be not unique, but the vector C(H, 9)9 is indeed unique.
-In general, 8T (M — 2C)0 = 0.
- We can always find the standard C(B, 9) that S(B, 9) =M — 2C € R " js
skew symmetric, i.e., xT(M — ZC)x =0,Vx € R".
- For a standard C(O, 9), M = C(H, 9) + C(O, Q)T.

(Passivity Property)
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Properties of Coriolis & Centripetal Terms

* We can find the standard C(B, 9) as C(H, 9) = 1/2(M +UT - U)

. .\ OM
M@O)=(0TQ® In)— erRY™ U(0,0)=(1,Q eT)%—e e R™™ I, =diag(1) € R"

- We can find 2 other (non-standard) choices of C(B, 9) as C(B, 9) =M-1/2U
c(6,6)=U" —1/2U

p
Let define Kronecker Product of two metrices A € R™*™ B € RP*4 as
A® B = |a;;B] € R™P>4

a,;1B  a;;B  a;3B

Forinstance, forA € R3%3: A Q@ B =|a;;B a;;B ay3B

_a31B ang a33B
0A

Also, for A(x) € R™*™ x € RP, let define the matrix derivative as I

\_

94

dxq

oA

|0, |

€ Rmp xXn
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Properties of Gravitational Terms g(q)

* Let P € R, be the total gravitational potential energy of an open-chain robot. Then,

dP

9(0) =30

« g(0) depends only on 6.
* g(0) is bounded above: [|g(@)] < g, VO € R

||-I| is any vector norm, g, € R,

- If the arm is revolute, g, is constant, and if the arm has prismatic joints,
gp may depend on 0.

. jotf g(e(t))Té)(t)dt =P (e(tf)) —P(6(0))
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Example

Dynamic equations of a planar 2R open-chain in absence of friction terms:

T=M(0)0+c(6,0)+ g(0) T
L

M(8) = [mlLZ + my(L3 + 2LyLycos 0, + L3) my(LyLycos B, + L3 )]

my(LyL,cos B, + L3) m,L3
mleLzsin 92(2919.2 + 922)] (0) _ (ml

+ m,)L;gcos 8, + m,gL,cos(6; + 02)]
mleLzéfSin 92

0(9’ 0) - l ngL2COS(91 + 92)
Find the bounds on the M(0), C(B, 9), g(0). Suppose that the joint angles 6, and 6, are
limited by +m/2.

Note: The selection of a suitable norm is not always straightforward. This choice often
depends simply on which norm makes it possible to evaluate the bounds. Usually, 1-norm
is an easy choice.
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Example (ont)

* The induced 1-norm for M(0):
IM(0)|l; = |myL3 + my(L2 + 2L, L, cos 0, + L3)| + |my(LyLaycos 6, + L3)]

my = (ml + mz)L% + ZmzL% + 3m2L1L2

my < [|[M(0 <m
! ” ( )”1 : mq = (m1 + mZ)L% ~+ ZmzL%

* The 1-norm of C(B, 0) ||C(0, 9)”1 — |m2L1L23in 02(29192 + 922)| + |m2L1L29125in 92|
< myLiLo(|61] +[62])” = ¢, |6
. - 12
le(6,0)]| < <6 cp = MyL1L

e The 1-norm of g(0): lg(@)ll1 = |(my + my)Ligcos By + mygLycos(6; + 6,)
+|m,gL,cos(8; + 6,)]|

lg(@®)]|l < g, < (my + my)gLy + 2mygl, = g,
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Example (ont)

- We can find the standard C(B, 9) where C(B, 9) = C(G, 9)9 as:

€(0.6) =1/2(M+U" - V) = [ O2mmaolalosind;  —(6; +6;)malyLysin 92]

leleLzsln 02 0

where y(9,6) = (I, ®9T) 0 0 ]

’ (261 + 92)m2L1L251n 6, —6,;m,L,L,sinb,

- Two other choices of C(G, 9) are

: , —26-,m,L.L,sin @ —6,m,L.L,sin
6(9,0)=M—1/2U=[ 2o L L2SIN G, 2Ma L Ly z]

(0, — 1/20,)myL,L,sin 0, 1/26,myL L,sin0,

C(e’ 0) — UT _ 1/2U — 0 _(201 + éz)mleLzsin 92]

(01 + 1/26,)m,L,L,sin 6, 1/26,m,L,L,sin 6,
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Example (ont)

Matrix of Christoffel symbols of the first kind I'(0):

I1(0) ]
[ —mleLzsin 62] 01
_mzL L251n 92 _mleLzsin 92 92

[gj [mleLéslnHZ 0][ ]

I2(6)

_[T1(8) 2\ _ g -
re) = rl o) c(0,0) = 0"T(9)6 =

Using I'; (@) and I',(8), we can find ¢ in ||c(9, 9)” < cb||9||2 when ||-|| is 2-norm by

¢, = n? (max |Fkij(0)|> max r,,@)=0, max I;,,(0)] =myLiL,
k,i,j,B mé’:lX F112 (0) = mleLz f meaX F212 (0) =0

méax I, (@) = myL,L,, meax [;,,00) =
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Linearity in Dynamic Parameters

An important property of the dynamic model of an open-chain manipulator is the linearity
with respect to a suitable set of parameters w € RP, including dynamic parameters (mass
m;, first moment of inertia m;l¢_;, milcy,i, m;lc_ i, the six components of inertia matrix I, ;)
and friction parameters (F, ;, Fs ;) as

T=M(0)0+C(0,0)0 +g(6) + F,0 + F;sgn(8) =Y(0,6,0)n

Y(B, 0, é) € R™*P is called regressor.

* This property is useful in Adaptive Control, where some or all the parameters maybe
unknown.

* Note that p < 12n, since not all the dynamic/friction parameters appear in dynamic
equations or are unknown.
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Example

Dynamic equations of a planar 2R open chain in presence of friction terms:

71 = (mlL% + mo (L% + 2L1L2COS 62 + L%)) él
+m2(L1L2COS 02 + L22)92 — mleLzsin 92(29192 + 622)
+(my + my)L g cos 8y + mygL, cos(61 + 6,) + F,, 101 + F 1 sgn by,

T, =My (L1L2COS 92 + L%)Hl + mzL%éz + m2L1L29125in 92
+m,gLycos(8y + 0,) + F, 20, + Fy,sgn 6, .

: : T
If the set of unknown parameters  is defined as w = [ml,mz, Fs1,Fy 1, Fs o, Fv,z] )

find Y(B, 0, 9) where T = Y(O, 0, é)n.
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Example

We can find Y(B, 9, 9) as

Y(B, 0 é) _ [Yn Yio Yi3 Y O 0 ]

0 Y, O 0 Yoy Yy

Y;; = L?6, + gL,cos 6,

Y1, = [L% + L3 + 2L, L,c0s 6,10, + [L3 + L,L,cos 6,16,
—L1L,(26,6, + 62)sin 6, + gL cos 0; + gL,cos(8; + ;)

Yi3 = sgn(él)

Yig = 91

Yy, = [L3 + LiL,cos 8,10, + L36, + L,L,0%sin 0, + gL,cos(6, + 6,)

Vo5 = sgn(6,)

Y26 = 92
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